In this article the author continues his investigation of the Möbius-invariant Willmore flow -evolution equation (1) -for which he has already proved existence and uniqueness of smooth short-time solutions, starting in arbitrary C ∞ -smooth initial immersions F 0 which map some fixed compact torus Σ into R n resp. S n without any umbilic points. Here, we prove that this flow exists globally, in particular does not develope singularities, and subconverges to smooth Willmore-Hopf-tori in every C m −norm, if the initial immersion F 0 maps some fixed smooth compact torus Σ onto a "Hopf-torus" in S 3 . Moreover, if in addition the Willmore-energy of the initial immersion is required to be smaller than the threshold 8 π 3 3 , then the Möbius invariant Willmore flow fully converges to the Clifford-torus in every C m −norm, up to conformal transformations in the ambient space S 3 . A key instrument for the proofs is the equivariance of the Hopf-fibration π : S 3 → S 2 w.r.t. the effect of the first variation of the Willmore-energy applied to smooth Hopf-tori immersed into S 3 and smooth closed regular curves in S 2 . MSC-codes: 53C44, 35K46, 35R01, 58J35, 11Z05 S 1 ֒→ S 3 π −→ S 2 and its equivariance w.r.t. rotations on S 3 and S 2 (see formula (10) below) and also w.r.t. the first variation of the Willmore-energy along Hopf-tori in S 3 and closed curves in S 2 (see
Introduction and main results
In this article, the author continues his investigation of the Möbius-invariant Willmore flow (MIWF) -evolution equation (1) -and proves global existence and C ∞ -smooth subconvergence of the "MIWF" , only requiring the initial immersion F 0 to map an arbitrarily fixed abstract compact torus onto a Hopf-torus in the 3-sphere S 3 . Moreover, using ideas and results by Singer and Langer [12] and Heller [6] , the author could combine methods of Arithmetic Geometry and Analytic Number Theory in order to estimate the size of the gap between the Willmore energy of the Clifford-torus and of any further Willmore-Hopf-torus in S 3 , which can be used in order to optimize the final statement about the full smooth convergence of the "MIWF" to the Clifford-torus, see Theorem 1.2 below. In the author's article [7] , the author proved short-time existence and uniqueness of the flow
(1) * Institute: Mathematics Department, Technion, Israel Institute of Technology, 3200003 Haifa, Israel. Phone: 00972 549298486. E-mail: rubenj at technion.ac.il which is well-defined on families of C 4 -immersions f t mapping some arbitrarily fixed compact torus Σ either into R n or into S n , for n ≥ 3, without any umbilic points. As already pointed out in the author's article [7] , the "umbilic free condition" |A 0 ft | 2 > 0 on Σ, implies χ(Σ) = 0 for the Euler-characteristic of Σ, which forces the MIWF to be only well defined on families of sufficiently smooth umbilic-free tori, immersed into R n or S n . In equation (1) , W denotes the Willmore-functional
which can more generally be considered on C 4 -immersions f : Σ −→ M , from any closed smooth Riemannian orientable surface Σ into an arbitrary smooth Riemannian manifold M , where K M f (x) denotes the sectional curvature of M w.r.t. the "immersed tangent plane" Df x (T x Σ) in T f (x) M . In the cases relevant in this article, obviously K f ≡ 0 for M = R n or K f ≡ 1 for M = S n . For ease of exposition, we will only consider the case M = S n , for n ≥ 3, in the sequel. We endow the torus Σ with the pullback f * g euc under f of the euclidean metric on S n , i.e. with coefficients g ij := ∂ i f, ∂ j f , and let A f denote the second fundamental form of the immersion f : Σ −→ S n , defined on pairs of tangent vector fields X, Y on Σ by
where D X (V )⌊ x denotes the projection of the usual derivative of a vector field V : Σ −→ R n+1 in direction of the vector field X into the respective fiber T f (x) S n of T S n , P Tan [21] , Section 2, that the first variation of the Willmore functional δW in some smooth immersion f , in direction of a smooth section φ into the normal bundle of f , is in both cases M = S n and M = R n , n ≥ 3, given by:
The only but decisive difference between the flow (1) and the classical L 2 -Willmoregradient-flow, i.e. the L 2 -gradient-flow of the functional in (2) , is the factor
which is finite in x ∈ Σ if and only if x is not a umbilic point of the immersion f t . Just as in the case M = R n , there holds the following important lemma for the case M = S n , n ≥ 3, see also Lemma 1 in the author's article [7] :
1) Let Σ be a smooth, compact, orientable surface without boundary and n ≥ 3. The Willmore-functional W, applied to immersions f ∈ C 4 (Σ, S n ), is invariant w.r.t. composition with any conformal transformation Φ of S n , i.e. there holds
2) Let Σ be a smooth torus, Φ an arbitrary Möbius transformation of S n , n ≥ 3, and f : Σ −→ S n a C 4 -immersion without any umbilic points, i.e. satisfying | A 0 f | 2 > 0 on Σ. Then there holds the following rule for the transformation of the differential operator f →| A 0 f | −4 δW(f ) (of fourth order) w.r.t. the change from f to the composition Φ • f :
on Σ.
Since for the differential operator ∂ t the chain rule applied to continuously differentiable families {f t } of C 4 -immersions yields the same transformation formula as in (6), i.e. ∂ t (Φ(f t )) = DΦ(f t ) · ∂ t (f t ), we achieve the following corollary of Lemma 1.1, analogously to Corollary 1 in the author's article [7] : Corollary 1.1. Any family {f t } of C 4 -immersions f t : Σ −→ S n without any umbilic points, i.e. with | A 0 ft | 2 > 0 on Σ ∀ t ∈ [0, T ], solves the flow equation
if and only if its composition Φ(f t ) with an arbitrary Möbius-transformation Φ of S n solves the same flow equation again, thus, if and only if
holds ∀ t ∈ [0, T ] and ∀ Φ ∈ Möb(S n ).
This corollary precisely points out the conformal invariance of the flow (1) and explains its name: the "Möbius invariant Willmore flow". This conformal invariance property of the MIWF turns out to be very important for a successful application of Langer's compactness theorem [11] in the proof of the subconvergence of the MIWF to smooth Willmore-tori, below in Theorem 1.2. On account of the factor | A 0 Φ(f ) | −4 in front of the L 2 -gradient of the Willmore-energy in (7) , the author was not able to adjust the computations in [9] , [10] respectively [16] , resulting in integral-and L ∞ -curvature estimates for solutions of the Willmore-respectively inverse Willmore flow. Therefore, he had to find another line of argumentation, taking considerable advantage of the conformal invariance of the investigated flow. The basic idea is to use the Hopf-fibration formula (27)). In order to work with the most effective formulation of the Hopf-fibration, we consider S 3 as the subset of the four-dimensional R-vector space H of quaternions, whose elements have length 1, i.e. S 3 := {q ∈ H|q · q = 1}.
We shall use the usual notation for the generators of the division algebra H, i.e. 1,i,j,k. We therefore decompose every quaternion in the way q = q 1 + i q 2 + j q 3 + k q 4 , for unique "coordinates" q 1 , q 2 , q 3 , q 4 ∈ R, such that in particular there holds q = q 1 − i q 2 − j q 3 − k q 4 . Moreover, we identify S 2 = {q ∈ span{1, j, k}|q · q = 1} = S 3 ∩ span{1, j, k}, and use the particular involution q →q on H which fixes the generators 1, j and k, but sends i to −i. Following [17] , we employ this involution to write the Hopf-fibration in the elegant way π : H −→ H, q →q · q,
for q ∈ H. We gather its most important, easily proved properties in the following lemma.
2) π(e iϕ q) = π(q), ∀ ϕ ∈ R and ∀ q ∈ S 3 .
3) The group S 3 acts isometrically on S 3 by right (and left) multiplication, and it acts isometrically on S 2 which means that every r ∈ S 3 induces the rotation q →r · q · r, for q ∈ S 2 .
Moreover, there holds
which means that right multiplication on S 3 translates equivariantly via the Hopffibration to rotation in S 2 .
4) The differential of π in any q ∈ H, applied to some v ∈ H, reads
Proof: 1) There holds |π(q)| = |q| |q| = 1, i.e. π(S 3 ) ⊂ S 3 , and we check on sums of different generators that: π(1 + i) = 2, π(1 + j) = 2j, π(1 + k) = 2k, π(i + j) = −2k, π(i + k) = 2j, π(j + k) = −2, which shows that in fact π(S 3 ) = S 3 ∩ Span{1, j, k} = S 2 . 2) π(e iϕ q) =q · e −iϕ e iϕ · q =q · q = π(q).
3) π(q · r) =r ·q · q · r =r · π(q) · r. 4) We choose a smooth curve t → γ(t), satisfying γ(0) = q and γ ′ (0) = v and compute, using the linearity of the involution I : q →q:
By means of the Hopf-fibration we introduce Hopf-tori in the following definition (see also [17] for further explanations):
and note that
2) We call this map X the Hopf-torus-immersion and its image the "Hopf-torus" w.r.t. the curve γ.
In order to obtain a more transparent picture about Hopf-tori and lifts w.r.t. the Hopffibration π, we need the following lemma, using the result of Lemma 4.1 in the appendix. 2) ∂ ϕ X(s, ϕ) = ie iϕ η(s) and thus ℜ(η ′ (s) ie iϕ η(s)) ≡ 0 and |∂ ϕ X(s, ϕ)| ≡ 1.
3) ∂ s X(s, ϕ) = e iϕ u(s) η(s), and thus also |∂ s X(s, ϕ)| ≡ 1 and
Any horizontal smooth lift η of γ w.r.t. π with constant speed 1 intersects each fiber of π m times on [0, L], m ∈ N, if and only if γ traverses its trace also m times on [0, L] with constant speed |γ ′ | ≡ 2. In this case, the length of trace(γ) is 2L/m. Proof: 1) Since |η ′ | 2 ≡ 1 we have ℜ(η ′η ) ≡ 0. Therefore, we can obtain the vector η ′ (s) by means of rotating the vector η(s) about a right angle within S 3 . In H this can be realized by means of left multiplication with a unit-length quaternion u(s), being contained in Span{i, j, k}. Since we presume that the tangent η ′ intersects the fibers of π orthogonally, we see on account of Lemma 1.2, (2), that u(s) must be contained in the plane which is orthogonal to the generator i, i.e. u(s) ∈ Span{j, k} ∀ s ∈ [0, L].
2) The assertion ∂ ϕ X(s, ϕ) = ie iϕ η(s) follows immediately from the definition of X in (11) . Moreover, on account of this definition and Property (2) of π in Lemma 1.2, ∂ ϕ X(s, ϕ) is tangential to the fiber of π through the point X(s, ϕ) over γ(s) = π(X(s, ϕ)). Hence, ℜ(η ′ (s) ie iϕ η(s)) = 0, ∀ (s, ϕ) ∈ [0, L] × [0, 2π], follows from the requirement on η to intersect each fiber of π horizontally. Now, we can also derive |∂ ϕ X(s, ϕ)| ≡ 1 immediately. 3) We compute:
Using the formula ℜ(η ′ (s) ie iϕ η(s)) ≡ 0 from part (2) of this lemma, we obtain especially ℜ(η ′ (s)iη(s)) ≡ 0, which proves ℜ(∂ s X(s, ϕ)∂ ϕ X(s, ϕ)) ≡ 0, ∀ (s, ϕ) ∈ [0, L] × [0, 2π]. 4) Using point (4) of Lemma 1.2 and the chain rule, we compute:
because u(s) ∈ Span{j, k} and thereforeũ ≡ u. In particular, there holds |γ ′ (s)| ≡ 2, ∀ s ∈ R/LZ. Hence, if a horizontal smooth lift η with constant speed |η ′ | ≡ 1 of the path γ intersects each fiber of π m times on [0, L], we immediately obtain from (12) the equation
which yields the last assertion of this proposition.
Remark 1.1. We can conclude from point (4) of Lemma 1.3 that every horizontal smooth lift η of a closed regular smooth curve γ : [0, L] → S 2 w.r.t. π into S 3 covers γ with half the speed of the path γ. In particular, η has constant speed 1 if and only if its projection π • η traverses the trace of γ with constant speed 2. This will not cause any technical problems in the sequel. It only leads to a multiplication of the Willmore functional 1 2 S 1 1 + |κ γ | 2 dµ γ , usually applied to injectively parametrized, regular, smooth closed curves γ in S 2 with the factor 2. The algebraic background of this phenomenon is the short exact sequence
and satisfies π(q · r) = U (r).(π(q)) for every q, r ∈ S 3
on account of (10). The above exact sequence thus contains the important statement that the map U from Spin(3) to SO(3), already mentioned in formula (9) , is surjective, and more precisely, that the map U is exactly the universal cover of SO(3), having two leaves over every fixed rotation of R 3 . The combination of the conformal invariance of the MIWF with the equivariance of the Hopf fibration π w.r.t. U , expressed in equation (14), will turn out to be the invaluable key making it possible to combine Langer's compactness theorem [11] and its generalization due to Kuwert and Schätzle in [8] with Dall'Acqua's and Pozzi's investigation of the Willmore-flow moving closed curves on S 2 [4] . This combination yields the main step of the proof of subconvergence of the MIWF in part II of Theorem 1.2.
In order to compute the conformal class of a Hopf-torus in terms of its generating curve γ in S 2 , we introduce "abstract Hopf-tori":
Let γ : [0, L/2] → S 2 be a path with constant speed 2 which traverses a simple closed smooth curve in S 2 of length L > 0 once and encloses the area A of the domain on S 2 , "lying on the left hand side" when performing one loop through the trace of γ. We assign to γ the lattice Γ γ which is generated by the vectors (2π, 0) and (A/2, L/2). We call the torus M γ := R 2 /Γ γ the "abstract Hopf-torus" corresponding to trace(γ).
Remark 1.2.
1) It should be pointed out that Pinkall proved in [17] that for every simple closed smooth curve γ in S 2 its preimage π −1 (trace(γ)) can be isometrically mapped onto its corresponding "abstract Hopf-torus" M γ := R 2 /Γ γ , as defined in Definition 1.2. Taking the uniformization theorem into account, this shows in particular that every conformal class of an abstract Riemann surface of genus one can be realized by a Hopf-torus, i.e. by the preimage π −1 (trace(γ)) of some appropriate smooth simple closed curve γ in S 2 , as introduced in Definition 1.1. Therefore, the class of Hopf-tori is sufficiently large in order to justify the mathematical value of the main results of this article.
2) As explained in [17] , p. 381, a horizontal lift η w.r.t. π of k ≥ 2 loops through a simple closed smooth curve γ : S 1 −→ S 2 , which encloses the area A on S 2 , closes up, if and only if there holds k A/2 = 2π, i.e. if and only if A = 4 π k . For example, let γ : [0, π] → S 2 be the parametrization of a great circle with speed 2, given by [0, π] ∋ ϕ → (cos(2ϕ) + j sin(2ϕ)). It encloses the area A = 2π of a hemisphere, implying that there should be closed horizontal lifts of two loops through this great circle. In fact, the lattice Γ γ corresponding to this simple curve γ -in the sense of Definition 1.2 -is generated by the vectors (2π, 0) and (π, π). A fundamental domain D γ of this lattice is given by the parallelogram with vertices {(0, 0), (2π, 0), (π, π), (3π, π)}. On account of its isometry to the Clifford-torus 1 √ 2 (S 1 × S 1 ), one can immediately infer that the fibers of π : 1
, connecting the bottom-and top-edges {(t, 0)|t ∈ [0, 2π]} and {(π + t, π)| t ∈ [0, 2π]} of D γ , and that horizontal lifts of the geodesic γ correspond to those diagonal paths through D γ , which intersect the previous diagonals orthogonally. In fact, one can easily check that these horizontal diagonal linear curves close up after they have intersected each fiber of π exactly twice, i.e. after their projections via π have performed two loops through the trace of γ.
In order to rule out inappropriate parametrizations of Hopf-tori along the flow lines of the MIWF, we shall introduce "topologically simple" maps between tori in the following definition. Definition 1.3. Let Σ 1 , Σ 2 be two compact tori. We term a smooth map F : Σ 1 −→ Σ 2 a simple map, if it has mapping degree ±1, i.e. if the induced map
is an isomorphism. 1) It should be mentioned that for any smooth map F : Σ 1 −→ Σ 2 there holds degree(F ) = ± det(F * 1 ).
This can be proved by means of the fact that the induced map F * : H * (Σ 2 , Z) −→ H * (Σ 1 , Z) is a ring-homomorphism, where the ring-structures are given by the cupproduct, and the fact that the pairing
is "perfect" for any closed, compact orientable surface, on account of Poincaréduality. For the statement in (16) shows that for linear independent generators
and moreover:
which proves assertion (15) . In particular, this shows that a smooth map F : Σ 1 −→ Σ 2 is a simple map in the sense of Definition 1.3, if and only if F * 1 :
3) If γ : R/LZ −→ S 2 is a smooth, regular closed path, which traverses its trace exactly once with speed 2, and if η : [0, L] −→ π −1 (trace(γ)) is a horizontal smooth lift of γ w.r.t. π, as discussed in Lemma 4.1, then the standard parametrization X : [0, L] × [0, 2π] −→ π −1 (trace(γ)) of the Hopf-torus π −1 (trace(γ)) in S 3 , given by X(s, ϕ) := e iϕ η(s), is a simple map and thus covers π −1 (trace(γ)) "essentially once". Precisely this means that X −1 ({z}) consists of exactly one element for H 2 -almost every z ∈ π −1 (trace(γ)).
For the convenience of the reader, we recall the first achievement for the "MIWF" (1), proved by the author in [7] , which consists of the proof of unique short-time existence of the "MIWF" for smooth initial data, here presented with R n replaced by S n : Theorem 1.1. Let Σ be a smooth compact torus. If F 0 : Σ −→ S n is a C ∞ -smooth immersion without any umbilic points, thus with | A 0 F 0 | 2 > 0 on Σ, then there exists some T * > 0 such that the Möbius-invariant Willmore flow (7) possesses a unique solution {f t } on Σ × [0, T * ], depending smoothly on t ∈ [0, T * ], which consists of C ∞ −smooth, umbilic-free immersions f t : Σ −→ S n , starting in F 0 .
The main tools of the existence proof are an adaption of the "DeTurck-Hamilton-Trick", famous for its successful application in the investigation of the Ricci-flow, combined with parabolic Schauder-a-priori-estimates for linear, uniformly parabolic operators of 4th order "in diagonal form" with C α, α 4 −coefficients, the continuity method and the inverse mapping theorem for non-linear operators between Banach spaces.
Similarly to Schätzle's and Kuwert's optimal convergence result on the classical Willmore flow, moving 2-spheres in R 3 ([10], Theorem 5.2), we are going to prove the following global existence-and subconvergence-result, Theorem 1.2, for the MIWF, starting in an arbitrary Hopf-torus in S 3 . In contrast to the proof of Kuwert's and Schätzle's convergence theorem, we do not necessarily have to start the MIWF below the 8π-energy threshold, because our approach does not rely on the Li-Yau inequality [14] , linking the pointwise 2-dimensional Hausdorff-density of the image of an immersion to its Willmore-energy. Of fundamental importance for the strategy of this article is the conformal invariance of the MIWF which allows a straightforward application of Langer's compactness theorem [11] , resp. its generalization Proposition 1.1 -already used in [8] -in order to achieve subconvergence of the MIWF in every C m −norm. Fortunately, singularities do not develope, and therefore we do not have to undertake a difficult blow-up analysis, like in [10] or [3] .
[Global existence and Subconvergence] Let γ 0 : S 1 → S 2 be a smooth closed regular path, which traverses its trace exactly once. Let F 0 : Σ → S 3 be an arbitrary immersion which maps a compact smooth torus Σ simply onto the Hopf-torus π −1 (trace(γ 0 )), in the sense of Definition 1.3. Then the following statements hold: I) There is a unique smooth global solution {F t } of the Möbius-invariant Willmore flow
(1) on [0, ∞) × Σ, starting in F 0 at time t = 0. The immersionsF t remain umbilic free, and they map Σ simply onto Hopf-tori ∀ t ∈ [0, ∞).
II) This global solution {F t } of the "MIWF" subconverges in every C m -norm -up to reparametrizations -to smooth Willmore-Hopf-tori in S 3 . More precisely we have: For every sequence t j → ∞, there are a subsequence of times t j k → ∞, a sequence of diffeomorphisms ϕ k : Σ ∼ = −→ Σ and an immersionF : Σ → S 3 of class C ∞ (Σ) mapping Σ simply onto some smoothly immersed compact Willmore-Hopf-torus in S 3 , such that there holdsF
as k → ∞, ∀ m ∈ N 0 .
III) If the initial immersion F 0 is a simple map from Σ onto a Hopf-torus in S 3 satisfying the energy threshold W(F 0 ) < 8 π 3 3 , then there is a smooth family of smooth automorphisms Ψ t : Σ → Σ such that the reparametrization {F t • Ψ t } of the solution {F t } of the MIWF, starting in F 0 at time t = 0, fully converges in every C m -norm to a smooth diffeomorphism F * of the torus Σ onto a conformal image M 1
For the proof of the C m -subconvergence (17) in Part II of Theorem 1.2 we will need the following general compactness-theorem for smooth immersions mapping a compact surface into R 3 , which is a generalization of Langer's compactness theorem [11] , and which was already used by Kuwert and Schätzle in [8] :
be a sequence of smooth immersions, where M is a two-dimensional compact manifold without boundary. If there are constants C 1 > 0 and
holds true for every j ∈ N and m ∈ N 0 , then there exists some subsequence {F j k }, some
as k → ∞, for every m ∈ N 0 .
Moreover, for the proof of the full convergence of the MIWF to the conformal class of the Clifford-torus, we will need the Lojasiewics-Simon gradient inequality for the Willmorefunctional, proved in [3] , Theorem 3.1:
In the next, third publication about this topic, the author aims to investigate "global existence", "subconvergence" and "full convergence" of the MIWF under weaker conditions on its start immersions than required in Theorem 1.2.
The link between the Hopf fibration and the first variation of the Willmore functional
The central result of this section is formula (27), the "Hopf-Willmore-identity", which shows that the differential of the Hopf-fibration maps the first variation of the Willmore functional evaluated in an immersed Hopf-torus in S 3 to the first variation of the Willmore energy evaluated in the corresponding projected closed curve in S 2 . Expressed in a more algebraic language: the Hopf-fibration and its differential naturally transform the Willmore variational problem from its effect on smooth immersed Hopf-tori in S 3 to smooth closed regular curves in S 2 . Moreover, this transformation respects the isometric invariance of the MIWF. But first, we have to recall some basic differential geometric terms. For each n ≥ 2, we endow the unit n-sphere S n with the Euclidean scalar product of R n+1 , i.e. we set g S n := · , · R n+1 . For any fixed C 2 −immersion G : Σ → S n and any smooth chart ψ of an arbitrary coordinate neighbourhood Σ ′ of a fixed smooth compact torus Σ, we will denote the resulting partial derivatives on Σ ′ by ∂ i , i = 1, 2, the coefficients g ij := ∂ i G, ∂ j G of the first fundamental form of G w.r.t. ψ and the associated Christoffel-symbols (Γ G ) m kl := g mj ∂ kl G, ∂ j G of (Σ ′ , G * (g S n )). Moreover, for any vector field V ∈ C 2 (Σ, R n+1 ) we define the first covariant derivatives
and the second covariant derivatives by
Moreover, for any vector field V ∈ C 2 (Σ, R n+1 ), n ≥ 2, we define the projections of its first derivatives onto the normal bundle of the immersed surface G(Σ) by
and the "normal second covariant derivatives" of V w.r.t. the immersion G by
Using these terms, we define the Beltrami-Laplacian w.
Finally, for a smooth regular curve γ : [a, b] → S 2 we will abbreviate by ∇ γ ′ (W ) the covariant derivative of a smooth tangent vector field W on S 2 along γ w.r.t. the unit tangent vector field γ ′ |γ ′ | , and by ∇ ⊥ γ ′ (W ) the orthogonal projection of the tangent vector field ∇ γ ′ (W ) along γ into the normal bundle of the curve γ within T S 2 . Now, we collect some basic differential geometric formulas for an arbitrary simple map F from a compact torus Σ onto the Hopf-torus π −1 (trace(γ)) corresponding to some closed smooth regular curve γ : S 1 → S 2 , as in Definition 1.3. We especially have to prove and understand that the Hopf-fibration π, together with its differential Dπ, maps the pair (image(F ), T ⊥ F ) consisting of a Hopf-torus and its normal bundle within T S 3 , naturally to the pair (trace(π •F ), T ⊥ (π •F )) consisting of a closed regular curve and its normal bundle within T S 2 , which is basically proved in formula (31) below for the particularly simple, explicit parametrization (11) of Hopf-tori. This particular property of the Hopf-fibration leads to a substantial simplification of the differential operator of the MIWF-equation (1), formulated in Proposition 2.2.
Proposition 2.1. Let F : Σ → S 3 be an immersion which maps the compact torus Σ simply onto some Hopf-torus in S 3 , and let γ : S 1 → S 2 be a smooth regular parametrization of the closed curve trace(π • F ), which performs exactly one loop through its trace. Let moreover
be the curvature vector along the curve γ, for a unit normal field ν γ along the trace of γ, and κ γ := κ γ , ν γ R 3 the signed curvature along γ. Then there is some ε = ε(F, γ) > 0 such that for an arbitrarily fixed point s * ∈ S 1 the following differential-geometric formulas hold for the immersion F :
the fibration π • F , as introduced in Lemma 4.1, and N F denotes a fixed unit normal field along the immersion F . This implies
, for the mean curvature vector of F and also
and |A 0 F | 2 (η F (s)) = 2(κ γ (s) 2 + 1),
and finally
and for the traced sum of all derivatives of A F of order k ∈ N:
In particular, we derive:
and the "Hopf-Willmore-identity":
Finally, we achieve
Proof: Let 2L denote the length of the curve "image(π • F )" ⊂ S 2 . Since we require γ to perform one loop through its trace, we can parametrize the trace of γ on R/LZ in such a way that it has constant speed 2 on R/LZ. We therefore assume during the entire proof of this proposition that γ is defined on R/LZ, satisfies |γ ′ | ≡ 2 on R/LZ and that s * is a fixed point in [0, L]. We infer from Lemma 4.1 the existence of horizontal smooth lifts η : [0, L] → π −1 (trace(γ)) of γ w.r.t. π, and we immediately obtain from point (4) of Lemma 1.3 that every horizontal smooth lift η of γ w.r.t. π has constant speed |η ′ | ≡ 1 on [0, L] and intersects each fiber of π exactly once. Hence, also the statements (1)-(3) of Lemma 1.3 can be applied in the sequel. In order to simplify computations, we choose the explicit parametrization X(s, ϕ) := e iϕ η(s), for (s, ϕ) ∈ [0, L] × [0, 2π], in formula (11) of π −1 (trace(γ)). We therefore follow the lines in [17] and take advantage of the tensorial character of the involved geometric quantities, in order to obtain the traced quantities also for the general immersion F easily a posteriori. First, we conclude from Lemma 1.3 that
is orthogonal to ∂ s X(s, ϕ) and also to ∂ ϕ X(s, ϕ) within T X(s,ϕ) S 3 , and is therefore a unit normal field along π −1 (trace(γ)). Now, we recall the formula
for the differential of the Hopf-fibration, where I is the linear involution of H, sending q toq. We compute its effect on the unit-normal N X in a point X(s, ϕ) on the torus π −1 (trace(γ)):
where we used iu(s) = −u(s)i andũ(s) = u(s), since u only has values in Span{j, k}. Moreover, we know from Lemma 1.
and since ℜ(ηiη) ≡ 0, this shows that the fieldη i u η is a unit normal section along γ = π•η within Γ(T S 2 ). Hence, (31) shows that the differential Dπ of the Hopf-fibration maps the one-dimensional normal bundle of the immersion X within T S 3 isomorphically onto the normal bundle of the curve γ = π • η within T S 2 . Moreover, we verify byũ(s) = u(s) and
and
Formulas (33) and (34) show that Dπ maps the tangent bundle of the immersion X in T S 3 onto the tangent bundle of the closed curve γ in T S 2 with a necessarily onedimensional kernel. Again using Lemma 1.3, iu(s) = −u(s)i and u 2 ≡ −1 on account of u(s) ∈ Span{j, k}, we compute:
Since H is a division algebra and u = 0, this uniquely defines a smooth function on [0, L], and one can easily verify using the formula
and the fact that u 2 ≡ −1, that this function κ γ exactly coincides with the signed curvature function of the curve γ, as defined after definition (19) of the ordinary curvature vector along γ. Hence, using (32), we can write here
Moreover, on account of Lemma 1.3 we know that {∂ s X, ∂ ϕ X} is an orthonormal frame along π −1 (trace(γ)) within T S 3 . Hence, we have (g X ) ij = δ ij , and we can easily derive from (35) the coefficients of the 2nd fundamental form A X , w.r.t. the unit normal N X :
This yields
for the mean curvature of X and also
and also
Recalling
In order to achieve this simple result, one has to derive from |u| 2 = 1,
and then compute
Moreover, again due to (36), formula (35) and the simple fact that ∂ s X is orthogonal to N X , we obtain:
This immediately implies also
]. Finally, we derive from (43) by the analogous computation:
, just as asserted in formula (25). Together with (g X ) ij = δ ij = (g X ) ij on [0, L] × [0, 2π], we instantly arrive at the expression for the normal laplacian of H X :
as asserted in (24). Collecting the results (42), (23) and (24), we obtain for the Hopftorus-immersion X:
]. Now, taking Lemma 4.1 into account, we know that for every horizontal smooth lift η of γ w.r.t. π and for every simple surjection F : 
Moreover, we note that formula (31) describes a geometric property of the pair (π, Dπ), which is thus independent of the chosen parametrization of the Hopf-torus π −1 (trace(γ)).
Hence, a combination of the formulas (31), (38) and (40) yields the identity:
and for every horizontal smooth lift η F of γ w.r.t. π • F . In order to finally arrive at the Hopf-Willmore-formula (27), we have to combine formulas (26), (46) and (47):
, which is just the desired "Hopf-Willmore-identity" (27) at the point s ∈ [0, L].
Here, E(γ) := S 1 1 + | κγ| 2 dµγ is twice the Willmore-functional on smooth immersed closed pathsγ : S 1 −→ S 2 (see [4] , formula (1.4), but taking into consideration the slight difference to their definition of the Willmore energy in formula (1.1) of [4] ). Finally, since the standard parametrization X : [0, L] × [0, 2π] −→ π −1 (trace(γ)), in formula (11), covers π −1 (trace(γ)) once, as pointed out in Remark 1.3, since F has mapping degree 1, and γ has constant speed 2 on R/LZ, we finally obtain from the classical area-formula, formula (40) and Lemma 1.3:
Proposition 2.2. Let T > 0 be arbitrarily chosen and γ t : S 1 → S 2 be a smooth family of closed smooth regular paths on [0, T ] × S 1 , which traverse their traces in S 2 exactly once, for each t ∈ [0, T ]. Moreover, let F t : Σ ։ π −1 (trace(γ t )) be an arbitrary smooth family of simple surjections of some smooth compact torus Σ onto the Hopf-tori π −1 (trace(γ t )) ⊂ S 3 , for t ∈ [0, T ]. Then the following statements hold:
1) The family of immersions {F t } moves according to the MIW-flow equation (1) on [0, T ] × Σ -up to smooth, time-dependent reparametrizations Φ t with Φ 0 = Id Σ -if and only if there is a smooth family σ t : S 1 → S 1 of reparametrizations with σ 0 = Id S 1 such that the family {γ t • σ t } satisfies the Willmore-type flow equation
where δE is the first variation of twice the usual Willmore energy on smooth immersed closed curves in S 2 :
2) The flow (48) is invariant w.r.t. the action of SO (3), effecting the S 2 .
Proof: The easier direction of Assertion (1) follows immediately from the "Hopf-Willmore-identity" (27) and the ordinary chain rule. For, suppose a smooth family F t : Σ −→ π −1 (trace(γ t )) of simple surjective maps solves the MIWF-equation (1) on [0, T ] × Σ. In this case, we apply Lemma 4.1 and choose some smooth family of horizontal smooth lifts η Ft :
, and conclude by means of formula (27):
and formula (34) shows that
Since δE(γ t )(s) points into the normal space of the curve γ t in its point γ t (s) and since s * ∈ S 1 was arbitrarily chosen, we conclude that the family {γ t } solves the equation 
∀ (t, s) ∈ [0, T ] × S 1 , for some family of smooth closed regular curves γ t : S 1 → S 2 , t ∈ [0, T ], then -again using Lemma 4.1 -we first choose some family of horizontal smooth lifts η Ft :
for an arbitrarily given smooth family of simple surjective maps F t : Σ −→ π −1 (trace(γ t )), and then we compute by means of γ t = π • F t • η Ft on S 1 ∩ B ǫt (s * ), formula (27) and the chain rule:
on t∈[0,T ] {t} × (S 1 ∩ B ǫt (s * )) and for every family of horizontal smooth lifts η Ft of
Since every path γ t is required to be regular, i.e. γ ′ t (s) = 0 ∀s ∈ S 1 in every t ∈ [0, T ], and since {γ t } and {F t } are required to be smooth families of smooth maps, the implicit function theorem guarantees that the solutions s x (t) to equation (52) can be chosen in such a way that t → s x (t) is a smooth function, mapping [0, T ] into S 1 . On account of (52) and Lemma 4.1, we can choose the horizontal smooth lift η Ft for every t ∈ [0, T ] in such a way that η Ft (s x (t)) = x holds. Inserting this into formula (51) we obtain
for every x ∈ Σ. Now, as we computed in formulas (31), (32), (33) and (34), the Hopfdifferential Dπ Ft maps the one-dimensional normal bundle of the immersion F t in T S 3 isomorphically onto the normal bundle of the regular curve γ t in T S 2 and the tangent bundle of the immersion F t onto the tangent bundle of γ t in T S 2 , which implies in particular that Dπ Ft(η F t (s)) . D η F t (s) (F t ).(∂ t (η Ft )(s)) is a tangent vector of the curve π • F t • η Ft = γ t in its point γ t (s). Hence, since δW(F t ) is a section into the normal bundle of the immersion F t , a comparison of the normal components in (53) particularly yields the following modified flow equation: 
Moreover, we know from [4] resp. [5] that there is someε ∈ (0, ε) and a unique short time solution {γ t } to equation (48) on [0,ε] × S 1 , satisfying the Cauchy problem
Now, on account of the requirement that F 0 is a simple map from Σ onto π −1 (trace(γ 0 )) and recalling the uniqueness of the MIWF, we obtain from Proposition 2.2 that the unique short time solution {F t } of the MIWF, starting in F 0 , consists of simple maps from Σ onto π −1 (trace(γ t )) and corresponds to the unique solution {γ t } of the Cauchy problem (56) on [0,ε] × S 1 via the Hopf-fibration π. The last statement precisely means that we obtain a family of horizontal smooth lifts ηF t :
on t∈[0,ε] {t} × (S 1 ∩ B ǫt (s * )). (In order to simplify our notation we will denote "γ t " by γ t henceforth.) Now, let T 2 Max be the largest time for which the unique short-time solution {γ t } of problem (56) can be smoothly extended from [0,ε] × S 1 to [0, T 2 Max ) × S 1 . Then we immediately derive from Proposition 2.2 in combination with the uniqueness of the MIWF that there holds
and that formula (57) holds on t∈[0,T 1 Max ) {t} × (S 1 ∩ B ǫt (s * )). Moreover, analogously to (55) we can derive the monotonicity of the function t → E(γ t ):
and therefore especially the existence of some constant C(F 0 ) > 0 such that both length(γ t ) ≤ C and
hold on [0, T 2 Max ). Now, applying the elementary inequality
holding for closed smooth regular paths γ : S 1 −→ S 2 which traverse their traces exactly once, proved by Teufel [20] , one can easily derive the lower bound
(see Lemma 2.9 in [4] ) for any closed smooth regular path γ : S 1 −→ S 2 which traverses its trace exactly once. Taking (60) again into account, the lengths of curves γ t meeting the flow equation (56) are therefore bounded from above and also from below, which particularly rules out extinction of this flow at any time t ∈ [0, T 2 Max ). Moreover, x → 1 (x 2 +1) 2 is a smooth rational function throughout on R, only attaining values in (0, 1]. Together with the fact that δE is the first variation of the functional
(which is twice the investigated functional E λ in [4] with λ = 1/2), we can use the above supplied information in order to argue exactly as in Dall'Acqua's and Pozzi's article [4] (pp. 11, 12) in order to derive L 2 -and finally also L ∞ -estimates for arbitrarily high derivatives of the curvature vectors κ γt of the curves γ t . Hence, for every m ∈ N 0 , there is some constant C(F 0 , m, T 2 Max ) > 0 such that
where we recall that ∇ γ ′ two uniform estimates for the speed |∂ s γ t | of the paths γ t . To this end, one should take advantage of the fact that the tangent vector fields T t := ∂ s γ t to the curves γ t , solving the flow equation (56), satisfy the equation
(see [5] , p. 1230). One can also apply (64) to the function t → 1 |Tt| :
In combination with (63) and
1 (x 2 +1) 2 ≤ 1, ∀ x ∈ R, these two equations imply the differential inequalities
Gronwall's Lemma therefore implies that the length of the tangent vectors are uniformly bounded from above and from below:
In combination with (63) this proves that for each m ∈ N 0 , there is some constant
As explained in [4] , p. 12, these estimates guarantee that the solution {γ t } to (56) exists globally, which is proved by a standard contradiction argument, using the unique short time existence of this flow. This proves already that T 2 Max = ∞ and due to (58) finally
Obviously, this global solution {F t } of the MIW-flow equation (1) on [0, ∞) × Σ, with F 0 = F 0 on Σ, is unique and has to consist of umbilic free, immersions mapping Σ simply onto Hopf-tori, because there holdsF Part II Now we start to prove the subconvergence of the MIWF as t → ∞. First of all, using that the uniform estimates in (61) and formula (62), which reads here length(trace(γ t )) ≥ min π,
(on account of formula (28)) for the lengths of curves γ t moving along the one-dimensional invariant Willmore-flow (48), now even hold on [0, ∞), one can argue as in [5] , Theorem 3.2, that also the curvature estimates (67) for these curves γ t hold uniformly on [0, ∞),
for some constant C(F 0 , m) > 0, for each m ∈ N 0 . From this fact and from the compactness of S 2 one can easily conclude that for every sequence t k → ∞ there exists some subsequence {t k j } and some regular smooth closed curve γ * : S 1 → S 2 such that reparametrizations γ t k j of γ t k j to constant speed converge smoothly:
as j → ∞. For ease of exposition, we rename the subsequence {t k j } into {t j } again. trace(γ * ) cannot be degenerated, i.e. a point, because the lower bound (62) now even holds on [0, ∞).
Since the curve γ * is smooth, it cannot cover the entire S 2 . Hence, there has to be at least one point x ∈ S 2 such that trace(γ * ) ⊂ S 2 \ {x}.
Now we claim that we may assume without loss of generality that x is the point 1 ≡ (1, 0, 0) of S 2 , i.e. that trace(γ * ) does not contain the point (1, 0, 0) ∈ S 2 . First, we choose a rotation R ∈ SO(3) such that R(x) = (1, 0, 0). As already explained in formula (10) and in Proposition 2.2, the Hopf-fibration maps right multiplication on S 3 equivariantly to rotations in S 2 , which in particular implies isometric invariance of the new flow (56) on closed curves in S 2 . We may therefore apply a certain rotation to S 3 , via right multiplication with some appropriate r ∈ S 3 at time t = 0, in order to effect the desired rotation R on S 2 , and we have for any horizontal smooth lift
, for every s * ∈ S 1 , and some ǫ 0 > 0. Since both flows are isometrically invariant and unique, {F t · r} resp. {π(F t • ηF t · r)} = {R(π •F t • ηF t )} = {R(γ t )} are again solutions to the flow equations (1) and (56) on [0, ∞) × Σ resp. [0, ∞) × S 1 . Since we are trying to prove subconvergence of the MIWF, we may therefore assume without loss of generality that the original solution of equation (56) satisfies (71) for x = (1, 0, 0), which proves our claim. Now, one can easily check that π −1 ((1, 0, 0)) = span{1, i} ∩ S 3 , which is a great circle in S 3 , containing the north pole i of S 3 in particular. Combining this with the smooth convergence in (70), with (71) (now taking x = (1, 0, 0) ), and equations (57) and (68), the usual stereographic projection P :
for some finite ρ > 0. Without loss of generality, we may assume that this statement holds true for all j ∈ N. Moreover, we can derive from (70) that Σ dµ P•Ft j ≤ const. ∀ j ∈ N, and from formula (25) and estimate (67) we obtain the uniform L ∞ -bounds
for each m ∈ N 0 . Therefore, we may apply Proposition 1.1 and obtain for a subsequence
as k → ∞, whereF : Σ → R 3 is a C m -immersion, ∀ m ∈ N 0 . Combining the convergence in (74) with the smooth convergence in (70), and with equations (57) and (68) we see that there holds here x k → 0 and
in Hausdorff-distance, as k → ∞. Equation (75) particularly shows that image(F ) = P(π −1 (trace(γ * ))), and since we know already that γ * is a non-degenerate, regular closed curve, this means that the immersionF maps the torus Σ onto the non-degenerate Hopftorus P(π −1 (trace(γ * ))) in R 3 and that again on account of (74) there holds:
as k → ∞, ∀ m ∈ N 0 , just as asserted in (17) . Finally, the immersion P −1 •F is indeed a simple surjection of Σ onto π −1 (trace(γ * )) in the sense of Definition 1.3, because it is the uniform limit of the simple surjectionsF t j k • ϕ k , taking the proved convergence in (17) and also the result of Part I into account. Moreover, we can use formula (59) in order to integrate the derivative of the function t → E(γ t ) over the interval [0, T ), for every T > 0:
Therefore, the limit ∞ 0 S 1 1 (κ 2 γ t +1) 2 |δE(γ t )| 2 dµ γt dt exists and is finite. Since the function x → 1 (x 2 +1) 2 is smooth and bounded by 1 on R, we can apply Lemma 2.3 in [5] in order to derive from the L ∞ −bounds in (67) also
along the flow (48) moving closed curves in S 2 , for some constantC(F 0 , m) > 0, for each m ∈ N 0 . Combination with the uniform bound on the lengths of the curves γ t in (61) and again with the L ∞ −bounds in (67) themselves yields via the usual chain-and product/quotient-rule:
for some constant C(F 0 ) > 0. Together with (77) we achieve full convergence:
In particular, there has to be some subsequence {t j k } of the particular sequence t j → ∞ of convergence (70), such that
as k → ∞. For ease of notation we rename the subsequence {t j k } into {t j } again. Since we already know from (67) that the curvatures κ γt j are uniformly bounded, there has to be some δ > 0 such that 1 (κ 2 γt j + 1) 2 > δ ∀j ∈ N. Hence, together with the smooth convergence in (70) we conclude:
in H 1 − almost every point of S 1 .
Therefore, the limit curve γ * is a smooth "Willmore-circle", i.e. satisfies
Hence, the "Hopf-Willmore-formula" (27) and formula (31) immediately imply that every simple surjection F * : Σ ։ π −1 (trace(γ * )) satisfies δW(F * ) ≡ 0 on Σ. Since δW consists of traced tensors, thus is invariant w.r.t. smooth reparametrizations, this proves that image(P −1 •F ) = π −1 (trace(γ * )) is in fact a smoothly immersed compact Willmore-Hopftorus in S 3 . This finishes the proof of Part II of the theorem.
Part III First of all, we infer from Proposition 4.1 that there are no critical values of E within the interval (2π, 8 π 3 ), which implies that there are no Willmore-Hopf-Tori in S 3 whose Willmore-energy is contained in (2π 2 , 8 π 3 3 ), on account of formulas (27) and (28). Secondly, we recall from the proof of Part II of this theorem, formula (55), that the function t → W(F t ) is non-increasing on [0, ∞), i.e. that
and that W(F t ) ≥ 2π 2 ∀ t ∈ [0, ∞), on account of the proved Willmore conjecture, (see [15] , Theorem A). Therefore, our initial condition "W(F 0 ) < 8 π 3 3 " implies that lim t→∞ W(F t ) exists and satisfies
).
Now we consider some sequence {F t j k } converging in every C m -norm to some Willmoreimmersion P −1 x •F as in (76), define F t j k := P x •F t j k : Σ → R 3 and conclude by means of the lower semi-continuity of W:
Case 1: W(F ) > 2π 2 . In this case formula (80) contradicts Proposition 4.1 and formula (28), becauseF is a Willmore-immersion, mapping the torus Σ onto a Hopf-torus. Case 2: W(F ) = 2π 2 . In this case, on account of the verified Willmore-conjecture (see [15] ) the immersionF is a smooth diffeomorphism of Σ onto the conformal image (P x • M )( 1 √ 2 (S 1 ×S 1 )) of the Clifford-torus in R 3 , for some M ∈ Möb(S 3 ). In the sequel, we shall combine the lines of Chill's, Fasanova's and Schätzle's article [3] , pp. 358-362, with the L ∞ -bounds (67) of the proof of Part II for the flow (48) moving the corresponding closed curves {γ t } via the Hopf-fibration π (see Proposition 2.2). Firstly, from the convergence in (17) we infer that for some ǫ > 0, chosen that small such that inequality (94) will hold, there is some index K(ε) >> 1, such that there holds
for some arbitrarily fixed α ∈ (0, 1). Having chosen ε > 0 sufficiently small, we obtain the existence of some globally defined section N 0 : Σ → R 3 into the normal bundle of the immersionF such that there holds for τ 0 := t j K and for some particular smooth automorphism Φ : Σ → Σ:
We setF 0 :=F + N 0 . Exactly as in Chill's, Fasanova's and Schätzle's article [3] , we consider now a short-time solution {F t } of the special formF t =F + N t for smooth sections N t : Σ → R 3 of the normal bundle of the immersionF to the flow equation
starting in the immersionF 0 at time t = 0. At first, as in [3] , p. 360, or in [7] , p. 1177, one can show that for every solution {F t } of equation (82) there is a smooth family of smooth automorphisms Φ t : Σ → Σ, satisfying Φ 0 = Id Σ , such that
as long as the respective solution {F t } of equation (82) exists, where {F τ 0 +t } is the unique solution of the original MIWF starting in the immersion F τ 0 at time t = 0. Furthermore, we infer from equation (83) that our solution {F t } to equation (82) consists of umbilicfree simple surjections onto Hopf-tori in R 3 , just as the immersions F τ 0 +t are. Hence, using Lemma 4.1, resp. Proposition 2.2, we obtain the existence of horizontal smooth lifts ηF t : S 1 ∩ B ǫt (s * ) → Σ of the corresponding curves γ τ 0 +t ⌊ S 1 ∩Bǫ t (s * ) w.r.t. the fibrations π •F t , for every s * ∈ S 1 and some ǫ t > 0, i.e. there holds
for every s * ∈ S 1 and some ǫ t > 0, as long as the solution {F t } of equation (82) exists.
Here, the curves γ τ 0 +t traverse the images of the fibrations π • F τ 0 +t : Σ → S 2 exactly once and satisfy the flow equation (48) for all t ≥ 0, as explained in the proof of Part II of this theorem. Moreover, we infer from (81) that there is some constant C > 0, such that there holds
Now, we fix some σ = σ(F ) > Cε independently of ε sufficiently small, such that Proposition 1.2 applies to the smooth Willmore-immersionF . There exists some maximal time T = T (σ, ε) > 0 such that the solutionF t =F + N t of equation (82) exists on [0, T ) × Σ and additionally satisfies
As explained in [3] , p. 358, the "signed length function" ϕ t := N t , νF of the normal sections N t ofF in equation (82) satisfies a quasilinear parabolic equation of 4th order whose right hand side is computed by means of the right hand side of the original equation (82). Taking also formulas (2.13), (2.18) and (2.19) in [9] for the time-derivatives of general normal sections and of the second fundamental form along a solution of a general flow "∂ t f = V t " in normal direction V t into account, one can combine here inequalities (85), (86) and the L ∞ -bounds (67) with formulas (25), (26), (83) and (84), in order to conclude by means of Schauder estimates for linear parabolic equations (see Propositions 1 and 3 in [7] ), that ϕ t satisfies
which implies in particular:
for the solutionF t =F + N t of equation (82), where C = C(α, Σ, T, σ) > 0 is some appropriate constant, see also [3] , p. 359. It is important to note here that the leading constant on the right-hand side of an a-priori estimate for a linear parabolic equation is a monotonically non-increasing function of the length T of the underlying cylinder Σ×[0, T ), which implies here that the large constant on the right hand side of estimate (87) can be chosen independently of T and ε. Moreover, we see that equation (83) implies
which shows that the function t → W(F t ) is monotonically decreasing on [0, T ), just like the function t → W(F τ 0 +t ) is, on account of inequality (79), combined with the decisive facts that there are no Willmore-Hopf-tori in S 3 whose Willmore energy is contained in the interval [2π, 8 π 3 3 ) by Proposition 4.1 and that the flow lines of the Willmore flow in R 3 are real analytic in time, as explained in [3] , p. 360. Combining equation (84) with formula (22) and estimate (67), we obtain the existence of some δ > 0 such that
for any family of horizontal smooth lifts ηF t : S 1 ∩B ǫt (s * ) → Σ of the curves γ τ 0 +t ⌊ S 1 ∩Bǫ t (s * ) w.r.t. the fibrations π •F t , ∀s * ∈ S 1 , as in equation (84). Now, we introduce the smooth, monotonically decreasing and positive function t → (W(F t ) − W(F )) θ , for t ∈ [0, T ), in order to compute by means of estimate (88), equation (82) itself and the usual chain rule:
where we could apply the Lojasiewics-Simon-gradient inequality, Proposition 1.2, with some θ ∈ (0, 1/2], to "the Clifford-torus-immersion"F and toF t in the last step, taking estimate (86) for t ∈ [0, T ) into account. Now, because of estimate (86) there holds for any section N into the normal bundle ofF :
for some constant C = C(σ) > 1. Since the functions N t : Σ → R 3 solving equation (82) constitute a smooth family of global sections of the normal bundle of the fixed immersion F , we infer that the derivatives ∂ tFt = ∂ t N t yield a smooth family of global sections of the normal bundle ofF as well. Therefore, we can combine equations (89), (90) and again estimate (86), in order to obtain:
Now, we can derive from estimates (86) and (91) and from the triangle inequality that
for some appropriate constant C = C(δ, θ, Σ, σ) > 0. Now, interpolating the C 4 (Σ)-norm between the C 4,α (Σ)-and the L 2 (µF )-norm, we infer from estimates (85), (87) and (92):
for some β ∈ (0, 1) and some appropriate constant C * = C * (δ, α, β, θ, Σ, σ) > 0, which is independent of T and ε. It therefore turns out now, that we should choose ε > 0 above in estimate (81) that small, such that
holds true, in order to obtain a contradiction to the maximality of T in estimate (86), if T was finite. This implies that there holds T = ∞, i.e. that the solutionF t =F + N t of equation (82) exists eternally and satisfies
if the start immersionF 0 satisfies estimate (85) with ε chosen that small, such that inequality (94) holds true. Now we can let tend s → ∞ in estimate (91) and obtain:
implying that there exists a unique function F ∞ ∈ L 2 (µF ) such that
as t → ∞. Again interpolating the C 4 (Σ)-norm between the C 4,α (Σ)-and the L 2 (µF )norm as in inequality (93), we infer from estimate (87) for T = ∞ and from (96):
as t → ∞. Using again thatF t =F + N t solves equation (82) and that we already have the uniform estimate (87) on [0, ∞), one can start a usual bootstrap argument, employing parabolic Schauder estimates (see Proposition 3 in [7] ), in order to successively improve the convergence in (97) toF
as t → ∞, for every m ∈ N. Combining this with (83), we obtain the existence of a smooth family of smooth automorphisms Ψ t : Σ → Σ such that
as t → ∞, for every m ∈ N, which shows especially that the limit-immersion F ∞ : Σ −→ R 3 has to be a simple surjection onto a smooth Willmore-Hopf-torus, arguing just as in the proof of Part II of this theorem. Since we may apply Proposition 1.2 to "the Cliffordtorus-immersion"F and to F ∞ , on account of estimate (95) and the convergence of {F t } in (98), we obtain
and therefore W(F ∞ ) = 2π 2 on account of the assumption of this second case. Using the statement of the verified Willmore-conjecture (see [15] ) again, this finally proves that the limit-immersion F ∞ of the family {F t • Ψ t } maps Σ diffeomorphically onto a conformal image of the Clifford-torus in R 3 . Hence, application of the inverse stereographic projection P −1 x and especially setting F * := P −1 x • F ∞ , this proves the assertion of the third part of this theorem.
Appendix
In this appendix we first prove existence of horizontal smooth lifts of some arbitrary closed path γ : S 1 → S 2 , traversing its trace once, w.r.t. fibrations of the type π • F for "simple" surjections F : Σ −→ π −1 (trace(γ)) ⊂ S 3 , in the sense of Definition 1.3. Lemma 4.1 is of fundamental importance for the formulation and implementation of the descent-technique, developed in this article. Lemma 4.1. Let γ : S 1 −→ S 2 be a regular path which traverses a closed smooth curve in S 2 exactly once, and F : Σ ։ π −1 (trace(γ)) ⊂ S 3 a simple surjection onto the Hopf-torus π −1 (trace(γ)).
1) For every fixed s * ∈ S 1 and q * ∈ π −1 (γ(s * )) there is a horizontal smooth lift η (s * ,q * ) : dom(η (s * ,q * ) ) −→ π −1 (trace(γ)), defined on a non-empty, open and connected subset dom(η (s * ,q * ) ) S 1 , of γ : S 1 −→ trace(γ) ⊂ S 2 w.r.t. the Hopf-fibration π, such that dom(η (s * ,q * ) ) contains s * and such that η (s * ,q * ) attains the value q * in s * , i.e. η (s * ,q * ) is a smooth path in the torus π −1 (trace(γ)) which intersects the fibers of π horizontally and satisfies:
2) There is some ǫ = ǫ(F, γ) > 0 such that for every fixed s * ∈ S 1 and every x * ∈ (π • F ) −1 (γ(s * )) there is a horizontal smooth lift η Proof: Without loss of generality, we assume that γ is defined on R/LZ satisfying |γ ′ | ≡ 2, where 2L is the length of the trace of γ. We consider a smooth vector field X ∈ Γ(T (π −1 (trace(γ)))) ⊂ Γ(T S 3 ), which intersects the fibers of the Hopf-fibration horizontally and satisfies |X| ≡ 1. The unique flow on π −1 (trace(γ)) corresponding to the initial value problem du dt = X(u) and u(0) = q,
for some point q ∈ π −1 (trace(γ)) exists eternally, because π −1 (trace(γ)) is a compact, closed, smooth manifold. On account of the requirements on X, Ψ : R × π −1 (trace(γ)) −→ π −1 (trace(γ)), its flow lines intersect the fibers of π horizontally, have constant speed 1 and are mapped onto trace(γ) by π. Because of |γ ′ | ≡ 2 = 2 |∂ t Ψ(t, q)|, the computation in the proof of Lemma 1.3, (4), shows that the flow line [0, L] ∋ t → Ψ(t, q) starting in some point q ∈ π −1 (γ(0)) intersects each fiber of π exactly once and satisfies
Since for every s * ∈ (0, L) and q * ∈ π −1 (γ(s * )) there is exactly one flow line of Ψ containing q * and starting in the fiber π −1 (γ(0)), namely [0, L] ∋ t → Ψ(t, Ψ −1 s * (q * )), we have proved that η s * ,q * (t) := Ψ(t, Ψ −1 s * (q * )) for t ∈ [0, L] satisfies (100), where dom(η (s * ,q * ) ) S 1 can be any open and connected subset which contains the prescribed point s * , here identified with some open subinterval of (R/LZ)\{0}, because we can apply (103) to q := Ψ −1 s * (q * ) ∈ π −1 (γ(0)) for q * ∈ π −1 (γ(s * )), and we have
just as asserted in the first part of the lemma.
2) First of all, since F : Σ −→ S 3 is required to be an immersion whose image is π −1 (trace(γ)) and since Σ is compact, there is some δ = δ(F ) > 0 such that for an arbitrarily fixed q ∈ π −1 (trace(γ)) the preimage F −1 (B δ (q)) consists of finitely many disjoint open subsets of Σ which are mapped diffeomorphically onto their images in B δ (q)∩π −1 (trace(γ)) via F . Moreover, from the first part of the lemma we infer the existence of horizontal smooth lifts η : dom(η) → π −1 (trace(γ)) of γ⌊ dom(η) w.r.t. π. Now, we infer from Lemma 1.3 and from the compactness of S 1 that there is some C = C(γ) > 0 such that
holds for every lift η of γ⌊ dom(η) w.r.t. π. Hence, there is some ǫ = ǫ(F, γ) > 0 such that for everys ∈ S 1 there is someq ∈ S 3 such that trace(η⌊ S 1 ∩Bǫ(s) ) ⊂ B δ (q). Now, using the fact that F maps each connected component of F −1 (B δ (q)) diffeomorphically onto its image in B δ (q) ∩ π −1 (trace(γ)), we obtain the existence of at least one smooth map
. Again in combination with the first part of the lemma, we finally infer from this construction that for every s * ∈ S 1 and x * ∈ (π • F ) −1 (γ(s * )) there is a smooth map η (s * ,x * ) F : S 1 ∩ B ǫ (s * ) → Σ which possesses the desired properties in equation (101). Moreover, it immediately follows from the horizontal position of every constructed lift η of γ w.r.t. the fibers of π that every constructed lift η F of γ w.r.t. π • F intersects the fibers of π • F horizontally w.r.t. the induced pullback-metric F * (g euc ).
Obviously, this shows that the function η F → F • η F maps the set L(γ⌊ S 1 ∩Bǫ(s * ) , π • F ) of horizontal smooth lifts of γ⌊ S 1 ∩Bǫ(s * ) w.r.t. π • F surjectively onto the set L(γ⌊ S 1 ∩Bε(s * ) , π) of horizontal smooth lifts of γ⌊ S 1 ∩Bε(s * ) w.r.t. π.
Finally, we use the complete integrability of the Euler-Lagrange-equations of the elastic energy E (see the right hand side of formula (27)) and the theory of elliptic integrals and elliptic functions in order to precisely compute the critical values of the elastic energy E, in particular in order to exclude critical values of E in the interval (2π, 8 π 3 ).
Proposition 4.1. 1) Up to isometries of S 2 , there are only countably many different smooth closed curves γ : S 1 −→ S 2 with constant speed, which are critical points of the elastic energy E, called closed "elastic curves" in S 2 . For each such closed elastic curve γ in S 2 there is exactly one pair (m, n) ∈ N × N with gcd(m, n) = 1 and m n ∈ (0, √ 2) such that γ performs m trips around S 2 and has n lobes along its trace.
2) There are no corresponding critical values of the elastic energy E within the interval (2π, 8 π 3 ). Proof: 1.) As explained in [12] , every smooth closed stationary curve γ : [a, b]/(a ∼ b) → S 2 of the elastic energy E satisfies the differential equation
Now, Langer and Singer point out in [12] that equation (104) holds true for a non-geodesic closed curve γ, if and only if the signed curvature κ γ of its parametrization with speed |γ ′ | ≡ 1 satisfies the ordinary differential equation
for some integration constant A ∈ R, depending on the respective solution γ of (104).
Moreover, for such non-geodesic solutions γ of (104), i.e. having non-constant curvature κ γ ≡ 0, equation (105) is equivalent to the KdV-type-equation
to be satisfied by the square κ 2 γ of the curvature of the arc-length-parametrized solution γ, which is simply obtained by pointwise multiplication of equation (105) with 4 κ 2 γ . One can easily verify that for every non-geodesic closed solution γ of (104), the polynomial P (x) := x 3 + 2 x 2 − 4Ax, occuring on the right hand side of equation (106), must have three different real roots −α 1 < 0 = α 2 < α 3 satisfying the algebraic relations
Now, as explained in [12] the solutions u of equation (106) are Jacobi elliptic functions of the special kind u(s) = α 3 cn 2 (r · s ; p) ∀ s ∈ R (108) with r :
see also the precise computation of the "annual" shift of the perihelion of a relativistic planetary orbit in Section 5.5 in [13] , in order to obtain a clean derivation of formulas (108) and (109 (108) is, that every arc-length parametrized solution γ of (104) possesses a well-defined wavelength Λ(γ) ∈ (0, √ 2 2π] whose quotient Λ 2π is rational, because γ is supposed to be a closed curve on [0, L], with L := length(γ), see also Sections 3 and 5 in [12] for a motivation and for the precise definition of the wavelength Λ(γ). Hence, for every non-geodesic, closed, arc-length parametrized solution γ of equation (104) there is a unique pair (m, n) ∈ N × N of positive integers, with gcd(n, m) = 1 and m n ∈ (0, √ 2), such that Λ = m n 2π. Since the solution γ of equation (104) with wavelength Λ = m n 2π travels m times around the S 2 while it traverses n of its periods respectively n "lobes" on [0, L], we have already proved the first assertion of the proposition. 2.) The first and most important quantitative ingredient for the precise computation of the elastic energies E of solutions of equation (104) is the following formula (111), taken from Section 5 of [12] , which expresses the wavelength Λ of a non-geodesic, closed, arc-length parametrized solution γ of equation (104) as a function of the parameter p ∈ (0, √ 2
2 ), which arises in equation (106) for κ 2 γ :
, Λ 0 denotes the Heuman-Lambda-function (see [2] , pp. 35-36 and pp. 344-349) and K(p) denotes the complete elliptic integral of the first kind, as introduced above in (110). By means of the computations in Section 3.8 in [13] one can verify that the frist derivative of formula (111) w.r.t. p yields dΛ dp
for p ∈ (0, 2 ) = 0, this shows that the function p → Λ(γ(p)) decreases monotonically from √ 2 2π to 0 as p increases from 0 to √ 2 2 . Now, for a fixed pair (m, n) ∈ N × N with gcd(n, m) = 1 and m n ∈ (0, √ 2) we know the value of the wavelength Λ = m n 2π of the solution γ = γ (m,n) of equation (104), and the monotonic function p → Λ(γ(p)) in (111) yields a unique value for the parameter p = p(γ (m,n) ) in formula (109). Combining formulas (107) and (109) one obtains the roots α 3 and α 1 of the polynomial P (x) := x 3 + 2 x 2 − 4Ax, occuring in equation (106), via the formulas . But formula (112) tells us that A actually has to be a positive real number, which rules out both these possibilities. Hence, for any p ∈ (0, √ 2 2 ), respectively for every A > 0, the corresponding polynomial F (x) = 4 x 3 − a 2 x − a 3 has a non-vanishing discriminant. Since formulas (113) and (114) show that the discriminant is negative for large A, we conclude more precisely that for every A > 0 there holds D(F ) < 0, and on account of a 3 > 0 in formula (113) for every A > 0, this finally implies that
for every A > 0. In particular we have 
∀ z ∈ C/Ω, see [18] , p.165-170. Now, the exact relation between the elliptic curve E (m,n) and the considered solution γ (m,n) is expressed in Lemmata 1 and 2 of [6] . A combination of these two lemmata shows, that there exists some x 0 ∈ C \ 1 2 Ω ∪ R , depending on the concrete parametrization γ (m,n) , such that there holds
where κ denotes the signed curvature function of γ (m,n) . In combination with equation (108) this implies that ℘ has a real primitive period, say ω 1 , namely the real primitive period of the Jacobi-elliptic function cn(r · ; p):
where r and p are defined in (109) and p ∈ (0, √ 2 2 ). Furthermore, in order to compute the precise value of the quotient τ := ω 2 ω 1 of the primitive periods of the lattice Ω resp. of the corresponding Weierstrass-℘-function we invoke the proof of the Uniformization Theorem (see Theorem 2.9 in [1] ), which shows that this quotient τ has to satisfy the equation
for every p ∈ (0, √ 2 2 ), respectively A > 0, where we also used formula (115). Here, J denotes Klein's modular SL(2, Z)-invariant function (see p. 15 in [1] ), mapping the closure of every fundamental domain R Γ(1) ⊂ C of the modular group Γ(1) := SL(2, Z) holomorphically onto the entire complex plane C. Since one also knows that J, restricted to the closure of its fundamental domain
maps exactly the two subarcs of S 1 connecting the points exp(i 2π 3 ) and i resp. the points exp(i π 3 ) and i monotonically onto the interval [0, 1] (see [1] , p. 41), and the two lines {ℜ(τ ) = ± 1 2 } ∩ ∂R Γ(1) monotonically onto the ray (−∞, 0], we infer that equation (120) has exactly two solutions τ 1,2 ∈ ∂R Γ (1) , which are either of the form τ 1,2 = exp(i π( 1 2 ± δ)), for exactly one angle δ ∈ (0, 1 6 ], or τ 1,2 = ± 1 2 + i h for exactly one h ≥ 
there holds either Ω = ω 1 Z ⊕ τ 1 ω 1 Z or Ω = ω 1 Z ⊕ τ 1 ω 1 Z. Now, again on account of (122) the two nomes q 1,2 := exp(2π i τ 1,2 ) satisfy q 2 = q 1 , and therefore Theorem 6.3 in Chapter I in [19] yields the value of the "quasi-period" resp. the "jump" ζ(z + ω 1 ) − ζ(z) of the Weierstrass-ζ-function ζ(z, Ω) :
corresponding to the lattice Ω respectively to Ω -in direction of its real period ω 1 -by means of the formula η(ω 1 , Ω) or η(ω 1 , Ω) = η(1, Z ⊕ τ Z)
for τ ∈ {τ 1 , τ 2 } resp. q ∈ {q 1 , q 2 }. Hence, in either case a combination of formulas (119) and (123) with Theorem 5 in [6] -which essentially follows from an integration of the real part of equation (118) and a comparison with the functional E -finally yields formulas for both the length and the elastic energy of the elastic curve γ (m,n) :
length(γ (m,n) ) = n · ω 1 and (124) E(γ (m,n) ) = 8 · n · ℜ(η(1, Z ⊕ τ Z))
for any "admissible pair" (m, n) ∈ N × N, i.e. for any pair (m, n) ∈ N × N satisfying m n ∈ (0, √ 2) and gcd(m, n) = 1. In order to prove the asserted lower bound 8 π 3 for all possible energies E(γ (m,n) ), we first recall Legendre's relation
holding for every lattice Ω = ω 1 Z ⊕ ω 2 Z with ℑ(ω 2 /ω 1 ) > 0; see [18] , p. 179. In combination with the relation η(ω, Ω) = 2 ζ( ω 2 , Ω) for every ω ∈ Ω \ 2Ω and with
formula (126) implies for the rectangular lattice Ω = Z ⊕ iZ:
and therefore η(1, Z ⊕ iZ) = π.
Moreover, it can be easily derived from Eisenstein's classical formula π 2 sin 2 (πz) = ∞ ν=−∞ 1 (z + ν) 2 for z ∈ C \ Z that there holds (again writing q := exp(2πi τ ))
where in line (128) the symbol ζ denotes Riemann's "zeta-function" and where in the double series in line (129) the index ν = 0 is omitted if the second summation index µ is zero. The second equation in line (128) is proved via the product-expansion of the σ-function and its relation to the Weierstrass-ζ-function via ζ(z) = ∂ ∂z (ln(σ(z))), see [13] , Sections 6.5 and 6.6 and pp. 183-184. Moreover, it is important to note here that the second Eisenstein-series G 2 , as defined in line (129), is not absolutely convergent, which implies that the order of summation in line (129) matters and that G 2 is a holomorphic, but not a modular function (of weight 2) on H := [ℑ(τ ) > 0]. Actually, it will turn out crucial for this proof that G 2 transforms w.r.t. the generator τ → − 1 τ of the modular group Γ(1) in the following way:
see [1] , Theorem 3.1 and pp. 69-71. Combining formulas (127) and (129) we obtain G 2 (i) = π, and the last step of the proof of the second part of this proposition consists in the verification of the assertion:
First of all we note that lines (128) and (129) immediately imply
Multiplication of formula (130) with − 1 τ and inserting line (132) into the resulting equation yields the identity
which is the key tool of the following argument. Moreover, as in [1] , Sections 1.14 and 3.10, one can convert formula (128) into an absolutely convergent Fourier-expansion of G 2 in H, which reads:
where σ 1 (n) := d|n d denotes the divisor-sum with power 1. On account of the absolute convergence of this Fourier-series in any τ ∈ H, one can differentiate both sides of formula (134) in order to obtain the Fourier-expansion of the complex derivative of G 2 :
n σ 1 (n) exp(2πinτ ) for τ ∈ H.
This implies in particular the formula 
In order to prove that this sum has a positive value for every ϕ ∈ [arccos( 1 4 ), π 2 ] we invoke the elementary estimate n σ 1 (n) ≤ n 2 (n+1) 2 and the two classical geometric series ∞ n=1 n 2 q n = q + q 2 (1 − q) 3 and ∞ n=1 n 3 q n = q + 4q 2 + q 3 (1 − q) 4 (138) as in estimate (139), we can conclude together with formula (141) and estimate (142) that
, arccos 1 4 ],
i.e. that the function ϕ → ℜG 2 (e iϕ ) is monotonically decreasing as ϕ increases from π 3 to arccos( 1 4 ). Since we know already on account of formula (140) that ℜG 2 (e iϕ ) > π for ϕ ∈ [arccos( 1 4 ), π 2 ) we can conclude that ℜ(G 2 (τ )) ≥ ℜG 2 1 4 + i sin arccos 1 4 > π ∀ τ ∈ ∂R Γ(1) ∩ S 1 with |τ 1 | ≥ 1 4 .
(143) Moreover, using the Fourier-expansion (135) of the complex derivative of G 2 together with the Cauchy-Riemann equations for G 2 on H we easily obtain that
The value of the previous sum is negative for every t ≥ √ 3 2 , because one can estimate as in estimate (139), here with q = q(t) := exp(−2π t), that ∞ n=2 n σ 1 (n) (−1) n exp(−2πn t) ≤ 8q 2 − 5q 3 + 4q 4 − q 5 2 (1 − q) 4 + 4q 2 − 3q 3 + q 4 2 (1 − q) 3 for every t ≥ √ 3 2 , and the expression on the right hand side is at least 38 times smaller than the modulus of the first negative summand − exp(−2π t) of the sum in (144) for every t ≥ √ 3 2 . Hence, the function t → ℜG 2 1 2 + it is monotonically decreasing as t ր ∞. Furthermore, one immediately infers from the Fourier-expansion (134) of G 2 , combined with the first geometric series in (138) -here again with q = q(t) := exp(−2π t) -that
as t ր ∞, which finally shows that
Together with G 2 (i) = π and formulas (140) and (143) this proves the asserted inequality (131) and therefore on account of formula (128):
ℜ(η(1, Z ⊕ τ Z)) = ℜG 2 (τ ) ≥ π ∀ τ ∈ ∂R Γ(1) .
On account of formula (125) and inequality (145) we are led to minimize the function g(ω) := 8π ω + 2 3 ω for ω > 0.
3) In our third example we consider the solution which corresponds to the "small" wavelength Λ = 2π 7 , i.e. we consider the solution γ (1, 7) of equation (104) which performs n = 7 lobes within m = 1 trip around S 2 , moving symmetrically w.r.t. the equator S 1 . Formula (111) yields p(γ (1,7) ) ∼ = 0, 692 in this case. The above algorithm yields here A ∼ = 139, 6554, the coefficients 
